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Abstract 

Recently, Kitaev and Remmel [5] refined the well-known permutation statistic "descent" by fixing parity of 
one of the descent's numbers. Results in [5] were extended and generalized in several ways in [7J HH [TU1 [TT] . In. 
this paper, we shall fix a set partition of the natural numbers N, (Nj., . . . , N*), and we study the distribution 
of descents, levels, and rises according to whether the first letter of the descent, rise, or level lies in Nj over 
the set of words over the alphabet [k] — {1, . . . , k}. In particular, we refine and generalize some of the results 
in 0]. 

1. Introduction 

The descent set of a permutation tt = w± . . . tt u £ S n is the set of indices i for which 7Tj > 7Tj+i. This 
statistic was first studied by MacMahon [12] almost a hundred years ago and it still plays an important 
role in the field of permutation statistics. The number of permutations of length n with exactly m descents 
is counted by the Eulerian number A m (n). The Eulerian numbers are the coefficients of the Eulerian 
polynomials A n {t) — X^es f 1+c ^ es ( 7r ). It is well-known that the Eulerian polynomials satisfy the identity 
E m >o ra "' m = (i-tV>+i ■ F° r more properties of the Eulerian polynomials see [5]. 

Recently, Kitaev and Remmel [8] studied the distribution of a refined "descent" statistic on the set of 
permutations by fixing parity of (exactly) one of the descent's numbers. For example, they showed that the 
number of permutations in S^n (resp. S^n+i) with exactly k descents such that the first entry of the descent 
is an even number is given by (£) n! 2 (resp. jrri(fc) ( n + I)' 2 )- I n [2]j the authors generalized results of [8] 
by studying descents according to whether the first or the second element in a descent pair is equivalent to 
mod k > 2. 

Consequently, Hall and Remmel [7J generalized results of [9] by considering "X, F-descents," which are de- 
scents whose "top" (first element) is in X and whose "bottom" (second element) is in Y where X and Y are 
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any sets of the natural number N. In particular, Hall and Remmel [7] showed that one can reduce the prob- 
lem of counting the number of permutations a with k A, ^-descents to the problem of computing the k-th 
hit number of a Ferrers board in many cases. Liese |10j also considered the situation of fixing equivalence 
classes of both descent numbers simultaneously. Also, papers [6] and [11] discuss ^-analogues of some of the 
results in Him HD!- 

Hall and Remmel [7\ extended their results on counting permutations with a given number of A, Y-descents 
to words. That is, let R{p) be the rearrangement class of the word l' 5l 2 p2 • • • m Pm (i.e., p\ copies of 1, P2 
copies of 2, etc.) where p\ + • • • + p m = n. For any set X C N and any set [to] = {1,2,..., to}, we let 
X m = X l~l [to] and Xf n = [to] — X. Then given 1,7 CN and a word w = Wi ■ ■ ■ w n € R(p), define 

Des x .y(w) = {i ■ m > lOj+i & Wi G X k w l+1 e Y}, 
desx.y{w) — \Desx,y{w)\, and 

Ppf = \{weR(p):des xx (w) = s}\. 
Hall and Remmel [7j proved the following theorem by purely combinatorial means. 
Theorem 1.1. 

• ) ± { - ir - (• + r ) (i + _ i) n ( ft + r + y + *~) , 

Pvd Pv 2 , ■ ■ ■ iPv bl / r=0 \ I / \o I J xeX \ Px / 

b 

where A^ — {v±,V2, . . . , v^}, a = p Vi , and for any x S X m , 

i=l 

z g X 

x < 2 < m 

z <£Y 

1 < Z < X 

In this paper, we shall study similar statistics over the set [k] n of n-letter words over fixed finite alphabet 
[k] — {1,2,..., k}. In what follows, E — {2, 4, 6, . . .} and O — {1, 3, 5, . . .} are the sets of even and odd 
numbers respectively. Also, we let x[t] = (x±, . . . ,x t ). Then given a word 7r = 7Ti7T2 . . . 7T n £ [k] n and a set 
I C N, we define the following statistics: 

• Desx (tt) = {i : 7Tj > 7r i+1 and 7Tj G A} and desjf (n) = |Des x (7r)|, 

• Risx(Tr) = {i '■ < ^i+i and 7Tj 6 A} and risx(7r) = |Risx(7r)|, 

• Levx(Tr) = {i '■ tt, = 7i"i+i and 7Tj £ A} and levx(7r) = Levx(7r)|. 

Let (Ni, . . . , Nt) be a set partition of the natural numbers N, i.e. N = f% U N 2 U . . . U N t and (~l N 3 = for 
i ^ j. Then the main goal of this paper is to study the following multivariate generating function (MGF) 

n n \ a A t r+i r-ti w r+n TT des N ,(7r) ris N .(ir) lev N (tt) im 

(1-2) -4fe = A fc (x[i];y[i];z[t];q[i]) = 2^11^ Vi z i Qi 

where i(ir) is the number of letters from Nj in tt and the sum is over all words over [k]. 



(i.i) p% Y = ( 
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The outline of this paper is as follows. In section [21 we shall develop some general methods to compute 
(|1.2p . In section [31 we shall concentrate on the computing generating functions for the distribution of the 
number of levels. That is, we shall study A/~ where set Xi = yi = 1 for all i. In section [4l we shall find 
formulas for the number of words in [k] n that have s descents that start with an element less than or 
equal to t (greater than t) for any t < k. Note that if we replace a word w — w\---w n £ [k] n by its 
complement w c — {k + 1 — wi) ■■■ (k + 1 — w n ), then it is easy to see that desm(io) = ris^+i-t,...,k}(w) 

and des{t+i,...,k} (w) — ristk-t\(u>). Thus we will also obtain formulas for the the number of words in [k] n 
that have s rises that start with an element less than or equal to t (greater than t) for any t < k. We will 
also show that in the cases where t = 2art = k — 1, there are alternative ways to compute our formulas 
which lead to non-trivial binomial identities. In section [5l we shall apply our results to study the problem of 
counting the number of words in [k] n with p descents (rises) that start with an element which is equivalent 
to i mod s for any s > 2 and i — 1, . . . , s. In particular, if s > 2 and (Ni, . . . , N s ) is the set partition of N 
where Nj = {x £ N : x = i mod s} for i — 1, . . . , s, then we shall study the generating functions 



(1-3) AW(xW;yW;-W ;qW ) = £ J] ( V* W ^ ^ 



TT i — 1 

and 



ft a\ a( s )/ r i r l r l ^ M TT des N (tt) ris H (tt) lev N (tt) 

(1.4) Al J (x[s];y[s];z[s];q) = y t z i 

TT i — 1 

Our general results in section 2 allow us to derive an explicit formula for A^' S ''(x[s]; y[s]; z[s]; q[s]) depending 
on the equivalence class of k mod s. 

For example, in the case where s = 2, our general result implies that 

(2) 

(!- 5 ) ^2fcWi'92) = A k {x u x 2> y 1 ,y 2 ,z 1 , z 2> q u q 2 ) = 

- ST d es o« des E (7r) „ris (7r) ps E (n) „lev (7r) lev E (ir) odd(Tr) even(^) 

— / j x \ x 2 Vl 2/2 z l z 2 1l 12 



l + (A lM2 + A 2 )^7 
i _ - fe ■ 
1 - (^iM2 + ^2) — 



'M1M2 

where the sum is over all words over [2k], even(-7r) (resp. odd(7r)) is the number of even (resp. odd) numbers 
in *■> X J = i-q%?- Vj ) i ^ = i-i(^-l) , and Vj = i- q -{!-- Vj ) for 3 = !. 2 - Then b y specializing the variables 
appropriately, we will find explicit formulas for the number of words w € [2k] n such that des£;(7r) = p, 
deso(7r) = p, ris£;(7r) = p, riso(7r) = p, etc. For example, we prove that the number of n- letter words n on 
[2k] having deso(7r) = p (resp. riss(Tr) = p) is given by 



j=0 i=0 



3\ fi \ln-j 
i) \n) \ p 



In fact, we shall show that similar formulas hold for the number of words 7r £ [k] n with p descents (rises, 
levels) whose first element is equivalent to t mod s for any s > 2 and < t < s — 1. Our results refine 
and generalize the results in [4] related to the distribution of descents, levels, and rises in words. Finally, in 
section [6j we shall discuss some open questions and further research. 
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2. The general case 

We need the following notation: 

At- ■ \ a ( r+i ivi m m -r n T~T des Ni (» ris^M lev N .(tt) a*) 

7T i — 1 

where the sum is taken over all words tt — 7Ti7T2 . . . over [A;] such that tt± . . . TT m = i\ . . . i m . 
From our definitions, we have that 

k 

(2.1) A k = l + ^A k {i). 

i=l 

Thus, to find a formula for A k , it is sufficient to find a formula for A k {i) for each i = 1,2, ... ,k. First let us 
find a recurrence relation for the generating function A k (i). 

Lemma 2.1. For each s G N,, 1 < s < and 1 < i < t, we have 

(2.2) A k (s) = -T^—^ + 1 gi V gi) ^ + / t( T"\ £^- 

Proof. From the definitions we have that 

A k (s) = q t +Y, k J= i A k(s, j) 

= * + Ej=l M'J) + A k (s, s) + E k j= s+i M*>3)- 

Let tt be any n-letter word over [k] where n > 2 and 7Ti = s > tt-i = j. If we let n' — TT2TT3 ■ ■ ■ 7r„, then it is 
easy to see that 

desN,(vr) = 1 + dcs Ni (7r'), i(rr) — 1 + i(7r'). 
It is also easy to see that remaining At — 2 statistics of interest take the same value on tt and tt' . 

This implies that A k (s,j) — qiXiA k (j) for each 1 < j < s. Similarly, A k (s,s) — qiZiA k (s) and A k (s,j) — 
qiUiAk(j) for s < j < k. Therefore, 

A k (s) = qi+ qiXi ^ Mj) + qiZiA k (s) + q { yi 2J A k (j). 

3=1 j=s+l 

Using dHJ), we have X)*L S+1 ^fc(i) = ^fe - Ej=i ^fcC?) ~ A k( s ) - l , and thus 

Ms) = 1 T s A * + 1 g< V w) 1 V ( T"n X>^ 

l-qi[Zi-yi) l-qi(Zi-yi) l-qi{zi — Vi) 
as desired. □ 
Lemma 2.2. For each k > 1 and s G [fc], 

(2.3) £m?)=E^ II (!-«*) 

where, for i G N m and i > 1, 7; = -: 2™*™ -A. 4- fa(i-iim) ^ _ gm(^m-am) 
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Proof. We proceed by induction on s. Note, that given our definitions of 7^ and a^, we can rewrite (|2.2p as 

s-l 

(2.4) A k (s)= ls -a s J2 A kU)- 

3=1 

It follows that 

Afc(l) =71 

so that (|2.3jl holds for s = 1. Thus the base case of our induction holds. Now assume that (|2.3p holds for s 
where 1 < s < k. Then using our induction hypothesis and (|2.4p . it follows that 

A k {l) + ■ ■ ■ + A k (s) + A k (s + 1) 

S S I s s 

= 7 j n ~ a< ) + 7s+i ~ " s+i ( ^ n ^ 

2=1 i=j+l \i=l i=j+l 

s s+1 

i=l i=i+l 

S'+l s+1 

=i> n (!-^)- 

Thus the induction step also holds so that (|2.3[) must hold in general. □ 



Lemma |2 . 1 1 gives that A k (i), for 1 < i < k, are the solution to the following matrix equation 



(2.5) 



/ 1 














.. 0\ 






a 2 


1 











.. 




( A k (l) \ 


( 7i \ 


a 3 


Q!3 


1 








.. 




A k {2) 


72 






04 


1 





.. 








\ a k 














{ Mk) J 


V 7. / 


ctk 


Oik 


Oik 


a k ■ 


.. 1) 







where, for i 6 N m and i > 1, 7; = ^ g y y "' -r -. 

\™q V ™z~ X ^y > ) • -Notice that a, = ay and 7$ = 7^ whenever i and j are from the same set N m for some m. In 
fact, it is easy to see that (|2.2j) and (|2.3[) imply that 



-, and, for i £ N m and i > 2, a. 



(2.6) 



t-l i-1 

3=1 »=j+i 



holds for « = 1, . . . , fc so that (|2.5[) has an explicit solution. By combining (|2.ip and (|2.6p . we can obtain the 
following result. 

Theorem 2.3. For on and 7, as above (defined right below (|2.5jl ). we /icwe 

A fc =i+^ 7j n (i-oi) 
2=1 «=j+i 
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solving which for A k gives 

1 + V fc 1j(^-Vj) Y\ k l-qi(zi-Xi) 

(2 J) A = j=1 1 ~gj( z 3~^j) i"=3 + l l-gi(zi-2/i) 

y ■ ) k 1 _ ^fe q jVj y-rk l-q i (z i -Xi) 

^3 = 1 l-qjizj-Vj) lli=j+l 1-9,(2,-^) 

where for each variable a £ {x, y, z, q} we have a% = a m if i £ N m . 



Even though we state Theorem l2.3l as the main theorem in this paper, its statement can be (easily) generalized 
if one considers compositions instead of words. Indeed, let 



c> d / M ui m ui ^ kl TT des^M ris^M lev N (tt) tr n ) 

B k = B k {x[t};y[t};z[t];q[t};v) = 2^ 1]3 Vi z i 1i 

TT i — 1 

where the sum is taken over all compositions tt = ttyki . . . with parts in [k] and | vr | = tt± + TT2 + • • ■ is the 
weight of the composition tt. Also, we let 

of ■ \ n> I Ul r j i • r i \ kl TT deS N , (tt) ris N , (tt) lev N (tt) i(7r) 

B k (i 1 ,...,i m ) = B fc (x[t];y[t];z[i];q[i];i[m];?;) = LL x i Vi z i % 

TT i—1 

where again the sum is taken over all compositions tt = tx\tx2 ■ ■ ■ with parts in [k]. 

Next, one can copy the arguments of Lcmma l2.1l substituting qi by v s qi to obtain the following generalization 
of Lemma 12.11 



B k(s) = rB k + + r > B k (j). 

1 - q%\Zi - Vi) i--qi(Zi-yi) 1 - qi{Zi - Vi) ^— J 

One can then prove the obvious analogue of Lemma 12.11 by induction and apply it to prove the following 
theorem. 

Theorem 2.4. We have 

k k 

B k =i+j2ij n o--<*i) 

j=l i=j+l 

where ^ = i-q m \^- Vm ) B k + l-^/zm-yl) ' and ai = i-qlt^'-yll) belon 9 s to Thus, 

i , V^ fc ^Qj^-Vj) T-fk l-qi(zi-yi+v*(yi-Xi)) 

^=11-^(^-^)1^=^+1 i_ gi(Zi _ yi ) 
where for each variable a S {x, y, z, q} we have ai = a m if i € N m . 

Theorem 12 .41 can be viewed as a g-analogue to Theorem 12. 31 (Set v = 1 in Theorem 1 2. 41 to get Theorem 12. 31 ) 



s-l 



3. Counting words by the types of levels 



Suppose we are given a set partition N = Ni U N2 U • • • U N s . First observe that for any fixed i, if we want 
the distribution of words in [k] n according to the number of levels which involve elements in Nj, then it is 
easy to see by symmetry that the distribution will depend only on the cardinality of Ni D [k] . Thus we only 
need to consider the case where s = 2 and Ni = {1, . . . , t} for some t < k. 
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Let 

1 -Vj)' 



(3.1) Aj 



(3.2) Vj = - m an d 

l-qj{Zj - Vj ) 

1 — Qi (Zj — Xj ) 

3.3 Mi = -i 

1 - - Ui) 

Then we can rewrite (|2 . T[) for any arbitrary set partition N = Ni U N2 U • • • U N s as 



4 _ i+E? = iAjn? =J -+i^ 

( 3 - 4 ) A fc - : — ^1 ^ 



1 - Ej=i ''• 11, . 1 Mi 

where for each variable a £ {x, y, 2, g}, we have if i e N 

Suppose we set X\ = x% = y% = y% = z% = 1 and qi = q2 = q in (|3.4|) in the special case where s = 2 and 
Ni = [i] for some t < k. Then Ai = A2 = 0, 1^1 = 1 _ q( 9 Zi _ 1 ^ , V2 — q, and ^1=^2 = 1. It follows that in this 
case, 

1 

Ah = 



i-(i=i£=U + «(*-*)) 

m>0 V yV ; 

m>0 i=0 



Since 



1 ^ o 



E%^i-ir 



(3.5) = Ef'TV^- 1 ) 8 . 



a>0 



it follows that 



n m 



(3.6) ^ = E«"EE (7) { + T-Z~) {k ~ t)m ~ Hi ^ - 1),l ~ m 

ri>0 m=0 i=0 ^ ' ^ ' 

Thus taking the coefficient of z f on both sides of (|3.6p , we obtain the following result. 

Theorem 3.1. Let N = N± U N 2 w/iere Ni = [t] and N 2 = N - Ni. T/ien if t <k, the number of words in 
[k] n with s levels that start with elements in N\ is 

(3-7) E E(-i) w - m - (7) ( z + n I 7 ~ *) ( n ~ m ) (k - tr-H\ 

m=0 i=0 V / \ / V / 

Going back to the general set partition N = Ni U N2 U • • ■ U N s , we can obtain a general formula for the 
number of words in [k] n for which there are U levels which start with an element of Ni for i — 1, . . . , s as 
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follows. Let rii — |Nj (1 [k]\ for i = l,...,n. Then if set Xj = y 3 ■ = 1 and qj — q for all j, then it will be the 
case that Aj = and /ij = 1 and i/j — 1 _ q ( 9 Zj _ 1 * ) for ah j. It easy follows that in this case, 



At 



1 _ I "12 
1 ^Z^i=l i_ 9 ( Zl _i) 

- E« m (E T n ' 



qizi — 1) 

m >0 \i=l yV 



E ?m e u..,jn(i- g (^_i) 

m>0 a^H a s =m x * 2 — 1 

Then using (|3.5p , we see that 

* = E* ro E L m a V-x^E^ 6 ^-^ 

m>0 a X H \-a s =m x ' l ~l Oi>0 

ai ,. . . ,a s >0 

= E* n E E E L m „)< 1 --<°f[( ai+ t~%-v l 



I I s I I V U 

n>0 ro=0ai+-+a»=mbi+-+i. s =n-m v x ' ' m/ i=l x 1 

ai,—,a s >0 6 1 ,...,6 3 >0 

Taking the coefficient of z* 1 • • • z* 3 on both sides of (|3.8[) . we obtain the following result. 

Theorem 3.2. Let N = Ni U • • • U N s be a set partition of N. Let m = |Nj n [k]\ for i = 1, . . . , s. Then the 
number of words in [k] n with ti levels that start with elements in Ni for i = 1, . . . , s is 

(3.9) ± £ e L m „ W ■■■».- n'" i+i '- 1Vi 



m=Q a 1 +- -+o s = m 6 1 + .-.+6 a =n-l 

ai,...,a s >0 6 1 ,...,6»>0 



ai, . . . , a„ 



4. Classifying words by the number of descents that start with elements < t (> t + 1). 

In this section, we shall consider the set partition N = Ni U N2 where Ni = Now if i < k, then it is easy 
to see that we can rewrite (|2.7|) as 

* = l + Er lAj "r +lMi 



1 - e.,=i vj rii=j+i ^ 



where 



and 



» - j/i) qiyi A gi(ji - gl) -r . . , 
A,- = -. r-, Vj = -, and lla = if 7 < t 

3 1-41(21 -yiY 3 l- 9 i(zi-yi)' PJ l-gi(2i-yi) " 

, I72(l-y2) 922/2 , 92(^2-^2) . f . ^ , 

A, = -, Vj = -, and /i, = it j > t. 

1-92(^2-2/2) 1-92(2:2-2/2) 1-92(^2-2/2) 

Now if we want to find formulas for the number of words in [k] n with s descents that start with an element 
less than or equal to t, then we need to set X2 — 2/1 — 2/2 = z i = z 2 = 1 an d 9i = 92 = 9 m (|4.ip . In that 
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case, we will have = and Vj = q for all j, fij = 1 + q{x\ — 1) for j < t, and fij = 1 for j > t. It follows 
that 

A k 



i - ? + eu i rn= j+1 (i + - 1)) 
i 

i-((*-*)*+*$sgipy 



((fc - t)q( Xl - 1) - 1 + (1 + - 1))*) 





- l) m 




1 


(XX 


- l) m 




1 


(xi 


- 1)™ 



m>0 



m>0 y ' a=0 

m m — a la - / , 

"' ' ' "' ~ " W ' 1 (-l)™- a -y (fc - i) fc (a;i - l)Y(xi - l) c 

m>0 v ' a=0 b=0 c=0 

If we want to take the coefficient of q n , then we must have b + c = n or c = n~ b. Thus 

(4.2) i^E^EE £ (I) ( m & _ °) (?! 6 ) (-ir— 6 (* - t)\ xi - i r 

n>0 ro>Oa=0 6=0 V ' ^ ' ^ ' 



Taking the coefficient of q n of both sides of (|4.2p , we see that 



m m—a 



(4.3) e ,? eS|t|W = EEE T ( m : a )(A )(-D— -ir 

7re[fc]™ ro>0«=0 b=0 ^ ' ^ ' ^ ' 

for all n. However, if we replace x% by z + 1 in (|4.3|) . we see that the polynomial 



^2 (z + l) des w (,) 

7T(E[fc]" 

has the Laurent expansion 



m m—a / \ / \ / , 

' m\ I m — a\ ( ta 



E E E Q ( * ) ( „ _ J (-i)™—'(t - *)'(*) 

It follows that it must be the case that 

m rn—a 



b { .a n — m 



e eec xv )(„- tK- 1 )— (*-'««> 



6 / _ \ n— m 



m>n+l a=0 b=0 

so that 

(4.4) 4 = E ? ™EEE (-ir— 6 n ( b a ) L J ( fc - ^ - 1 )"~ m - 

n>0 m=0 a=0 b=0 \ / \ / V / 

Thus if we take the coefficient of x\ on both sides of (|4.4p and we use the remark in the introduction that 
desrti(io) = Tvsik+i-t,...,k}( w ) f° r au 10 G W\ then we have the following result. 
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Theorem 4.1. If t < k, then the number of words w € [k] n such that des[ t ](w) — s (ris^k+i-t,...,k}( w ) = s) 
is equal to 



n m ra—a . . . , 

m\ I m — a\ I ta \ In — m 



<«•»> eee c-d— - ( : ) ( ;)(„:„)( : ) » - <> i 



m=0 a=0 6=0 



If we want to find formulas for the number of words in [k] n with s descents that start with an element greater 
to t, then we need to set x\ = y\ = yi — z\ = Z2 = 1 and q\ = qi = q in (|4.ip . In that case, we will have 
Xj = and Vj — q for all j, fij = 1 + 9(^2 — 1) for j > t, and /ij = 1 for j < t. It follows that 

1 



1 - (e5= ?(i + ^ i))* -1 + £*=m ?n?= J+ i(i + 9(^2 - 1)) 
1 



1 



1 ~ (#0=2 - 1)(1 + q(x 2 - l)) k ~* + (1 + - l)) fe -* - 1) 

1 

1 - j^hj) ((^2 - 1) + i)(i + 9(^2 - - 1) 



m>0 



(#2 


- l) m 




1 




- l) m 




1 


(£2 


- l) m 



i-af m \f a \f( k - t ) a \„b,bf 



. a 

m>0 v ' a=0 x 

m a (k—t)a 

.,, M - 1) yor 2 - l) c 

?n>0 v ' a=0 6=0 c=0 \ / \ / \ / 

Again, if we want to take the coefficient of q n , then we must have b + c = n or c = n — b. Thus 

(4.6) ^ = £ 9 » EEEnr'fj ft) Vo* - D n - 

n>0 m>0 a=0 6=0 \ / \ / V / 

Taking the coefficient of q n of both sides of (|4.6p , we see that 

(4.7) ^ {t+1 ,..., }W = ^ ^ ( _ ir .M ^ f^" ~ 

7re[fc]™ m>0a=0 6=0 \ a /\/\ n / 

for all n. However, if we replace a; 2 by z + 1 in (|4.3p . we see that the polynomial 

7re[fe]" 

has the Laurent expansion 

EEE(-'r--(:)(;)( ,l „:?)''w--" 

m>0 a=0 6=0 V / V / \ / 
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It follows that it must be the case that 

m a 



£ EE(-ir-°(:)(;)( ( t,"_t)^)"-™=<'. 

m>n+l a=0 6=0 V / \ / V / 



so that 



n m a 



(4.8) A k = ^y EEE(-ir a h ( t) f ( *"f - d b 



i>0 m=0a=0 6=0 



- 6 



Thus if we take the coefficient of x\ on both sides of ()4.8p and we use the remark in the introduction that 
des{ t+ i k}( w ) — T i s [k-t](w) for all w € [k] n , then we have the following result. 

Theorem 4.2. Ift<k, then the number of words w S [k] n such that de,S{ t+1 ,...,&} (if) — s ( r * s [fc-t] (w) = s) 
is equal to 

<"> ttD-D— oc) ( ( r_f)("» m ) f> 

m=0 a=0 6=0 \/\/\ / \ / 

We end this section by showing that we can derive some non-trivial binomial identities from Theorem 14.11 
and !4.2l For example, in the special case of Theorem 14. 21 where t = k — 1, we can count the number of words 
w G [k] n such that des^.}(ui) = s directly. We can classify the words in [k] n by how many k's occur in the 
word. That is, for those words w € [k] n which have n — r occurrences of fc, we can form a word such that 
des/feT. (w) = s by first picking a word u £ [k — l] r . Next we insert a k directly in front of s different letters 
in u in (^) ways. Finally we can place the remaining n — r — s fc's either in a block with one of the fc's that 
start a descent or at the end of it. The number ways to place the remaining fc's is the number non-negative 
integer valued solutions to x± + ■ ■ ■ + x s +i = ri — r — s or, cquivalcntly, the number of positive integer valued 
solutions to ?/i + • • • + y s +i — n — r + 1 which is clearly ( n ~ r )- Note that to have s such descents, we must 
have r > s and n — r > s or, equivalently, s < r < n — s. It follows that the number of words w G [fc] n such 
that des{fc}(ui) = s equals 



(4.10) E^ 1 ) 



Using (|4.9p with t = k — 1, we see that (|4.10p equals 

n m a / \ 

m=0 a=0 f>=0 \ / \ / \ 

n n m \ 

(4.11) ^(fc-l) b ^^(-l)"— 



6=0 m=0 a=6 



a \ 7i — m 
n — b) \ s 



However, in (|4.11|) . we must have n — m > s or, equivalently, n — s > m. Since m > a > b, we must have 
b > s since otherwise the binomial coefficient f °J will equal 0. Thus (|4. 10|) equals 



(4.i2) E^-^EEh)""" 



n—s m 

' m\ f a\ f a \ l n — m 



b—s m—b a—b 



n — b J \ s 
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Since (HTTD) and P~T2")) hold for all k, it follows that 

n—s / \ / \ n — s n m 

r—s \ / \ / fo— s rn—0 a—b 

Thus we have proved that the following identity holds 

/ \ / \ n — s in 



s ) \ s ) ^— ' \ a ) \b ) \n — b ) \ s 

b=s m=0 a=b 



n — s m 

r\ln — r\ -^-^ v-^, ,_ _ ./m\fa\f a \(n — m 



s i \ s i 1 — ' 1 — ' \ a l \r I \n — r j \ s 

* ' x / rn—r a=r \ / \ / \ / \ 

Next consider the special case of Theorem 14.11 where t — 2. Suppose we want to count the number of ir G [k] n 
where des[ 2 ](w) = s. We can classify such words according to number a of l's and the number b of 2's that 
appear in the word. Clearly since the only descents that we can count are cases where there is a 2 followed 
by a 1, we must have a, b > s. We claim that we can count such words as follows. First we pick word w of 
length n — a — b made up of letters from {3, . . . , k} in (k — 2)™~ a ~ b ways. Then to create the s 2 1 descents, 
we imagine inserting letters of the form 21 into w to get a word u of length n — a — b + s over the alphabet 
{21, 3, . . . , k}. This can be done in (J l ~ a j b + S ^j ways. For each such u, we first insert the remaining a — s l's 
to get word v of length n — a — b + s + a — s = n — b over the alphabet {1, 21, 3, . . . , k}. Since we can insert the 
l's in front of any of the letters of u over the the alphabet {21, 3, . . . , k} or at the end, the number of ways 
to insert the remaining l's is the number of nonnegative integer solutions to x± + ■ ■ ■ + a;„_ Q _b+.s+i = a — s 
which is Finally, we have to insert the remaining b — s 2's. In this case, since we can insert the 2's 

into v in front of any letter which is not a 1 or at the end, the number of ways to insert the remaining 2's is 
the number of nonnegative integer solutions to x± + • — h £ n _ a _f, +s+ i = b — s which is (?Z a ) ■ Thus it follows 

that the number of words ir G [k] n such that des[ 2 ](w) = s is 

( 4. 15) x>-r-"i"-\- t+ o (:::)(::: 

a-\-b<n 

On the other hand, from Theorem 14.11 we see that the number of words tt G [k] n such that des[ 2 ](u>) = s is 

(4.16) ± if (-D»— « (:) (- - ■) ( 2 : b ) (" m ) c* - 2) ' 

m=0a=0 6=0 \ / \ / \ / \ 

Since (I4.15P and (|4.16[) hold for all fc, it must be the case that 

/ rt — a — b + s\ f n — b\ (n — a 



E 

a,b>s 



x n-a-b 



S j \a — S I \b — S 



n m m — a 



■ i, sj m \ (m — a\ f 2a ^ f n — rn\ b 



b J \n — b 



(4.i7) =EEEh)""° 

m=0 a=0 6=0 

Taking the coefficient of x r on both sides yields the following identity. 

n — s / \ / \ / \ n m—r 

r + s\ / a + r\ / n — a \ , - -. n -a-r-s I m \ I m ~ 11 / 2a \ / n — m N 



5 / \a — s / \7i — a — r — s I * — ' A — 4 \o/V T / \n — r 

a—s x 7 m— a— 
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5. Classifying descents and rises by their equivalence classes mod s for s > 2. 

In this section we study the set partition N = Ni U N2 U • • ■ U N s where s > 2 and Nj = {j \ j = i mod s} 
for i = 1, . . . , s. In this case, we shall denote A/j = sN + i for i = 1, . . . , s — 1 and N s = sN. 



Recall that we can rewrite (|2.7|l as 

\ tt/c 

1 ■> 

(5.1) A k = 



1 + Ej=i a j YU=j+i v* 

1 - eLi v i nt 7 +i Mi 



wher e Aj = rjfeg-j , Mi = ijfegfe , and ^ = 1 _ g ^„. ) - 

We let Ai denote under the substitution that Agi+j = Xj , Msi+j = Mj , and i^i+j = Vj for all z and 
j = 1, . . . , s. Then it is easy to see that for k > 1, 



1 + (Ej=i A j rUj+i Mi) (£*=o(MiM2 • • • Ms) r ) 



1 - (Ej=i "j IL= J+ i Mi J (Er=o(MiM2 • • 'Ms) 

1 - (Ej=i ^ n i=J+ i Mi) (^TA..^.)-! 1 

More generally, we can express A/* in the form 

As) _ 8(Ai,...,A fc ,^i,...,/Xfc) 
k Q{-vx,...,-Vk,n\,...,Hk) 

where 

(fc k \ /fe-i \ 

H A j II M« 5](MiM2---M s ) r • 
j=l i=j+l / \r=0 / 

Then for 1 < t < s, we have that 
(5.3) 6(Ai,...,A fe ,^i,...,/x fc ) 

t t fe t+l s fc-1 

= 1 + (X! A J II M»)(X!(MiM2 • • -HsY) + (M1M2 • • 'Mt)(Xl A J II Mi)(5I(MiM2 • ■ -fJ-sT) 

j — 1 r—0 7 — I i=j+l r— 



Mi 



(M1M2 • • 'Ms) - 1 



Hence, for 1 < t < s, 



(5.4) 4 S) 



1 + (E -=i a, nU- + i Mi) fc^r 1 ) + ^ ■ ■ • M t )(E5ii a, ni=, + i Mi) ( 



(ww-fe) -1 

(MiM2"-/is)-l 



1 - (E*-=i ^ n*=i+i Mi) ( ( 7^2^)-i " ) ~ ^ i/i2 ■ ■ ■ MtXEj-i 1 ! m? rii=j+i Mi) ( 



(piM2---Ms)-l , 
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5.1. The case where k is equal to mod s. First we shall consider formulas for the number of words in 
[sk] n with p descents whose first element is equivalent to r mod s where 1 < r < s. Note that if we consider 
the complement map comp s k ■ [sk] n — ► [sk] n given by compini ■ ■ ■ 7r„) = (sk + 1 — 7Ti) • • • (sk + 1 — 7T n ), then 
it is easy to see that des^N+rM = r is S N+s+i-r( C0TO Psfc(7'")) for r = 1, . . . , s. Thus the problem of counting 
the number of words in [sk] n with p descents whose first element is equivalent to r mod s is the same as 
counting the number of words in [ak] n with p rises whose first element is equivalent to s + 1 — r mod s 

Now consider the case where Zj = y,- = 1 and qi = q for z = 1, . . . , s and Xj = 1 for i =/= r. In this case, 

^ = E^ E *? w( ' r) - 

n>0 7r£[sfc]" 

Substituting into our formulas for A 1 ^ , we see that in this case Xi — and i/j = g for i — 1, . . . ,s and /ij = 1 
for i ^ r and /i r = 1 + q(x r — 1). Thus under this substitution, (|5.2p becomes 

(5-5) A$ 

1 



l-^r-lJ^ + Cs-r + lJg)^^ 
1 

" 1 - T^I) ( S + ( S - lM*r - - 1) 

oo 1 

= E i rw ( s + ( r - - - 

3=0 ^ ^ 

j=0 11,13=0 x 7 x 7 

j=0 v ' »i,»2=Q v 7 v 7 \i=0 v 7 

Taking the coefficient of q n in (|5.5p . we see that n = t + i\ so that 

(5.6) A« E""E E < ^' : (;)(;)(''' 2 ;)^ 1 ' ' 



n>0 j=0ii,i 2 =0 

Thus we must have 



(5.7) ]r s^+^w = e e (-i)^^^ - !r (0 f f ) (av " 1)n_j 

for all n. However, if we replace x r by z + 1 in (|5.7p . we see that the polynomial 

E + l) deSaN +*- (7r:) 

7rg[sfc]" 

has the Laurent expansion 

J=0ll,l2=0 \ / \ / \ / 
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It follows that it must be the case that 

oo j 

" (-ly-^'-^s-mf 

J=n+li 1 ,i2=0 

so that 

n j 



(5.8) ^=E^E E 1 ' ' ' * ! *(« ' (;.)(■')( "' 2 ;\-'i 1 



n>0 j— ii ,*2— 



Thus we have the following theorem by taking the coefficient of x? on both sides of 
Theorem 5.1. The number of words ir £ [sk] n with rfeSsfj+r (i") — P (ris s N+ s +i- r (n) = p ) is 



(5.9) J2 E {-l) n+p+l2 s 3 - ll {s- 1) 

,j'=0 »i,ia=0 



In the case s = 2, our formulas simplify somewhat. For example, putting s = 2 and r = 2 in Theorem 15. 1[ 
we obtain the following. 

Corollary 5.2. The number of n-letter words tt on [2k] having desE^) —P (resp. riso(^) — p) is given by 



j=0 ii,i 2 =0 



jVjV ^2 \ Ai - j 



Similarly, putting s = 2 and r = 1 in Theorem 15. li we obtain the following. 

Corollary 5.3. The number of n-letter words tt on [2k] having deso(^) — P (resp. risE^) — p) is given by 

n j 



j=0 i=0 

5.2. The cases where k is equal to t mod s for t = 1, . . . , s — 1. Fix t where 1 < t < s — 1. First we 
shall consider formulas for the number of words in [sfc + i]™ with p descents whose first element is equivalent 
to r mod s where 1 < r < s. We shall see that we have to divide this problem into two cases depending 
on whether r < t or r > t. Note that if we consider the complement map comp s k+t ■ [sk + t] n — > [sk + t] n 
given by compel ■ ■ ■ 7r„) = (sk + t + 1 — 7Ti) • • • (sk + t + 1 — n n ), then it is easy to see that des s N+r (tt) = 
ris sN+t+ i_ r (comp sfe (7r)) for r = 1,. .. ,t and des sN+r (7r) = ris s n+s+r-t-i(comp s k(^)) for r = t + 1, . . . , s. 

First consider the case where j/,- = z\ = 1 for £ = 1, . . . , s and Xi = 1 for i^r where r > t. In this case, 

41 t = E* n E *?w>>. 

n>0 7T6[sfe+t]" 
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Substituting into our formulas for A^ +t , we see that in this case A.; = and i/j = q for i = 1, . . . , s and 
fj-i = 1 for i ^ r and \x r = 1 + q(x r — 1). Thus under this substitution, (|5.2[) becomes 



(5.10) 



sfe+t 

1 



m=0 j=0 

Using the expansions 



1 - 9*ffe-TT - i( r 1 - *)?AV + (* - r + 1)9)^7 

1 

1 - ^Tj[^r) fc+1 - 1) + (s - t + (r - 1 - <Mx r - 1))(^ - 1)] 

1 

1 - (^T) + ( r - - 1)] - [s + (r - 1 - t)q(x r - 1)]] 

oo 1 

E r + - l)«(»r - 1)] - [* + (r - 1 - t)g(x r - 1)]]™ 

m=0 ^ ^ 

E E ( ~ _ 1)m (7j (s + (r ~ 1 ~ t)q(Xr 1)r_i(fl + (r " 1)9(av ~ 



(s + (r - 1 - t)q(x r - l)) m - j = E( j J * m - J_<1 (r — 1 — i)* 1 ^* 1 (a; r - 1)* 



ii=0 
2 



12=0 



(s+ (r- l)g(x r - = ^ (/Js J '- l2 (r- l)*V 2 (:r r - l) 12 , and 



i 3 =0 v J 



and setting i 1 + i 2 + — n, we see that (15.10[) becomes 



(5.11)^ (s) 



oo m—j j 



ri>0 m=0ii=0i 2 =0 

Thus we must have 
(5.12) J2 x^+rM 

7TG[sfe t ]" 

oo m—j j 



J / \ i\ J \*2/ \n -«i - «2 



m=0 ii=0 22=0 

for all n. However, if we replace x r by z + 1 in (|5.12[) . we that the polynomial 

^2 ( z + l) deSsN +'' (7r) 

■7r6 [sfc+i]™ 
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has the Laurent expansion 

t 2 £(-ir-'."-<-> - 1 - o*(r - d» (7) (" - >) (1) ( _ «_ ) w —. 

It follows that it must be the case that 

^ EE (-!) m - (r - 1 - *r (r - D i2 f m ) f m r ^ f ? V _ fcJ _ . ) k - ir m = o 



m=n+l i\— 22—0 



so that 



J / \ *1 / \*2/ \ n — *1 — *2 



(5-13) 4£ +t 



n m— j j 

EEE 

771=0 Zi=0 22—0 



i-ir <.s'« ■-(,■ - i ( m \ {" n . '){''){ n ](■'•, -1)' 



Thus we have the following theorem by taking the coefhcient of on both sides of (|5.13|) . 

Theorem 5.4. If t = 1, . . . , s — 1 cmc? t < r < s, then the number of words n G [sk + t] n with des s ^+ r (n) = p 
(ris s n +s+r -t-i(Tr) =p ) is 



n m— 3 j 

( 5 - 14 ) E E E (-l) n+p+J 's m - il - ii ' (r - 1 - t) n (r - l) 12 

m— ii— 22—0 



to\ /to — j\ f j \ f kj \ /n — to 



In the case s = 2, our formulas simplify somewhat. For example, putting s = 2, r — 2 and t = 1 in Theorem 
15.41 we obtain the following. 

Corollary 5.5. The number of n-letter words n over [2k + 1] having desE(n) = P (resp. TOb(7t) = p) is 
given by 

n m j / \ / \ / l ■ \ / 

y^y^_-gn+p+j27"-* / "' \ / ■> \ i "'■> \ 1 11 ~ "' 

m=0 j=0 i=0 



j J \i J \n — i J \ p 



Next consider the case where yi = Zi = 1 for i = 1, . . . , s and Xj = 1 for i ^ r where r < t. In this case, 

41 t = E* n E *?w->. 

n>0 7TG[sfc+i]" 



(5.15) A { s s) 
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Substituting into our formulas for A^ +t , we see that in this case A.; = and i/j = q for i = 1, . . . , s and 
fj-i = 1 for i ^ r and jj, r = 1 + <?(x r — 1). Thus under this substitution, (|5.2[) becomes 

1 

1 - ((r - 1)Q/Xr) + q(t - r + - (a - O^^g^y 

1 

1 - is^ryK* + ( r - - i))(/^ +1 - i) + (« - *K0^ - i)] 

1 

~ 1 - I5 ^r T )[Mr +1 [5 + (r- l)q(x r -l)]-[ s+ ( s - t + r- l)q(x r - 1)]] 

oo 1 

= E , _ lV n t s + ( r " - 1)] - [« + (« - 1 + r - l)«(ar r - l)]] m 

m=0 [Xr > 

= E E , _ iw r)(s + (s-t + r- l)q(x r 1))^ (s + (r- l)q(x r - . 
Using the expansions 

(s + (s - i + r - l)g(a: r - l))™-' = ^ . J ) a ' n -J- <1 ( a -t + r-l)V l (a!r-l) <l ) 



ii=0 
3 



'1 



12=0 



(s+(r-l)/4 = 51 L )s j ~ i2 (r-l) i2 q i2 (x r -l) i2 , and 



i 3 =0 x 

and setting «i + z 2 + h = n, we see that (|5. 15[) becomes 
(5.16)41* = 

oo m-j j 



'3 



E^EEE (-1)™-,— (- - 1 + r - (r - if 2 M ( w " j ) Q) ( * + f ) (afp - ly 

„>0 m=0ii=0j 2 =0 \J/\l/\^/\ 1 ij 

Thus we must have 
(5.17) ^ 8N+rW = 

irG[sfe t ]" 

EED-.r^-(.-. + r- D<- ( r - u- (7) (™ - J ) (() („ « + i ) <* - 1)"-. 

for all n. However, if we replace x r by z + 1 in (|5.17| . we that the polynomial 



COUNTING DESCENTS, RISES, AND LEVELS, WITH PRESCRIBED FIRST ELEMENT, IN WORDS 



19 



has the Laurent expansion 

t e £<-»>- - - * + ' - »>*■ c - »" (7) ('",; (,0 („ ^0 

It follows that it must be the case that 

t 2 1 - * + r - ,)-(, - ir (") ( m r J ) (() („ *♦? J - - o 

so that 

(5-18) 4?+. = 

£ £ t <-lT*~ - (• - ' + ' - D- (r " D- (™) (-,; © („ "J* 1 . ,) <* " 

m=0»i=0i 2 =0 W / \ J- / \ -V \ i <V 

Thus we have the following theorem by taking the coefficient of a;^ on both sides of (|5. 13|) . 

Theorem 5.6. If k > 0, s > 2, t = 1, . . . , s — 1, and £ < r < s, iften the number of words tt € [sk + t] n with 
des sN+r (7r) =p (ris sN+s+r - t -i(ir) = p ) is 

(5.i9) E E(- 1 ) n ^ iam_il ~ <a ( a - t+r - 1 ) <1 ( r - 1 ) fa m 



m— i±— i 2 —0 



J/ \ Z l / V2/ \" — H ~ 12/ \ P 



In the case s — 2, our formulas simplify somewhat. For example, putting s = 2, r = 1 and t = 1 in Theorem 
5.4( we obtain the following. 



Corollary 5.7. T/ie number of n-letter words tt over [2k + 1] having deso{^) — P (resp. riso{^) = p) is 
given by 

1 1 Ec-^^f?) Cn) ('\ + Cry 



6. Concluding remarks 



A particular case of the results obtained by Burstein and Mansour in [3] is the distribution of descents (resp. 
levels, rises), which can be viewed as occurrences of so called generalized patterns 21 (resp. 11, 12) in words. 
To get these distributions from our results, we proceed as follows (we explain only the case of descents; rises 

(2) 

and levels can be considered similarly). Set x\ = X2 = x, y\ = j/a = Z\ = #2 = 1, arid q\ = 02 = q in A 2} ! 
and ^4 2 fe+i 1,0 § e t the distribution in [4j Theorem 2.2] for I = 2 (the case of descents/rises). Thus, our results 
refine and generalize the known distributions of descents, levels, and rises in words. 



It is interesting to compare our formulas with formulas of Hall and Remmel [7]- For example, suppose that 
X = E and Y = N and p = (pi, . . . , p2k) is a composition of n. Then Theorem 1 1 . 1 1 tells that the number of 
words 7r of [2k] n such that des£(7r) = p is 

a \ V>/ , xp-r A 1 + r \ A 1 + A TT (P 2i + r + (Pa*+i + P2i+3 H hp 2 fc-l)\ 



<«•» L " Jb-»ht ' (:!; n 



P2,P4,---,p2kJ ±r n \ r J\p-rJfJ- \ p 2 
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where a = p 2 + Pi + ■ ■ ' + p2k- This shows that once we are given the distribution of the letters for 
words in [2fc] n , we can find an expression for the number of words ir such that des£(7r) = p with a single 
alternating sum of products of binomial coefficients. This contrasts with Corollary 15.21 where we require a 
triple alternating sum of products of binomial coefficients to get an expression for the number of words of 
[2k] n such that desfi^) = p. Of course, we can get a similar expressions for the number of words of [2k] n 
such that des£;(7r) = p by summing the formula in (|6.ip over all (""j^ 1 ) compositions of n into k parts but 
that has the disadvantage of having the outside sum have a large range as n and k get large. Nevertheless, 
we note that for (|6.1|) there can be given a direct combinatorial proof via a sign-reversing involution so that 
it does not require any use of recursions. It is therefore natural to ask whether one can find similar proofs 
for our formulas in sections 3 and 4. 

There are several ways in which one could extend our research. For example, one can study our refined 
statistics (DesxM, Risx(Tr), Levjf(7r)) on the set of all words avoiding a fixed pattern or a set of patterns 
(see p] [2j |3l 0] for definitions of "patterns in words" and results on them). More generally instead of 
considering the set of all words, one can consider a subset of it defined in some way and then to study the 
refined statistics on the subset. Also, instead of considering refined descents, levels, and rises (patterns of 
length 2), one can consider patterns of length 3 and more in which the equivalence class of the first letter is 
fixed, or, more generally in which the equivalence classes of more than one letter (possibly all letters) are 
fixed. Once such a pattern (or set of patterns) is given, the questions on avoidance (or the distribution of 
occurrences) of the pattern in words over [k] can be raised. 
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